We study S-duality in N = 4 super Yang-Mills with an arbitrary gauge group by determining the operator product expansion of the circular BPS Wilson and 't Hooft loop operators. The coefficients in the expansion of an 't Hooft loop operator for chiral primary operators and the stressenergy tensor are calculated in perturbation theory using the quantum path-integral definition of the 't Hooft operator recently proposed. The corresponding operator product coefficients for the dual Wilson loop operator are determined in the strong coupling expansion. The results for the 't Hooft operator in the weak coupling expansion exactly reproduce those for the dual Wilson loop operator in the strong coupling expansion, thereby demonstrating the quantitative prediction of S-duality for these observables.
Introduction and summary
Electric-magnetic duality, such as S-duality in N = 4 super Yang-Mills, maps electrically charged excitations in one theory to magnetically charged ones in the dual theory. In the conventional formulation of gauge theories, magnetically charged objects are not included as integration variables in the path integral. Rather, they are realized via non-trivial field configurations of the electric variables. The magnetic analog of the Wilson loop operator [1] , i.e. the 't Hooft loop operator [2] , which inserts a magnetically charged source, is defined by a singular field configuration of the electric variables.
Even though an 't Hooft loop is a disorder operator, defined by prescribing a singularity along the loop, it shares features associated with ordinary operators, which are characterized by gauge invariant functions of the electric variables of the theory. For example, just as the potential generated by a distribution of charges admits a multipole expansion, any loop operator -an 't Hooft (T ) or Wilson (W ) operator -appears as an infinite series of local operators to an observer who probes the loop operator from a distance much larger than the size of the loop: Figure 1 . The operator product expansion of a loop operator.
Therefore an 't Hooft operator, despite being a disorder operator, also admits an operator product expansion (OPE) in terms of an infinite sum of local operators O i .
A suitable arena where to study the OPE of loop operators and the action of electric-magnetic duality on the OPE is N = 4 super Yang-Mill theory. S-duality [3, 4, 5] posits that N = 4 super Yang-Mills with gauge group G and coupling constant τ is equivalent to N = 4 super Yang-Mills with dual gauge group L G [6] and dual coupling constant L τ . The coupling constants of the dual theories are related by the strong-weak coupling transformation
where
and where n g = 1, 2 or 3 depending 3 on the choice of gauge group G.
In N = 4 super Yang-Mills, 't Hooft loop operators in the theory with gauge group G are conjectured to transform under the action of S-duality into Wilson loop operators in the dual theory, which has gauge group L G. Under S-duality electric and magnetic sources are exchanged [7] T (
L R is an irreducible representation of L G, which labels [7] an 't Hooft operator T ( The recent paper [8] has explicitly demostrated that the prediction of S-duality for the observables
holds to next to leading order in the coupling constant expansion for supersymmetric circular loops. This equality was proven by first giving a quantum definition of an 't Hooft operator, computing its expectation value to next to leading order in the weak coupling expansion and comparing the result with the strong coupling expansion of the Wilson loop expectation value in the dual theory [8] .
S-duality conjecturally acts on all the gauge invariant operators in N = 4 super Yang-Mills, both on local and non-local operators, thus defining an isomorphism between the operators in the two dual descriptions
This implies that the identification of the 't Hooft and Wilson operators under the action of S-duality should extend beyond matching of their expectation values (1.1). In particular, the S-duality conjecture relates the OPE of an 't Hooft operator to that of the corresponding dual Wilson loop in the dual theory. Their respective OPE's are given by
Here ∆ i ( In this paper we compute the correlation functions of a circular 't Hooft and Wilson loop operator with an arbitrary chiral primary operator (CPO) O ∆ in N = 4 super Yang-Mills. We show that the prediction of S-duality
holds to next to leading order in the coupling constant expansion. This result implies that the coefficients of chiral primary operators in the OPE of a circular 't Hooft operator at weak coupling precisely match the corresponding OPE coefficients for the dual Wilson operator at strong coupling:
Proving this requires computing the two point functions of chiral primary operators, which are given by free field contractions. We show that the two and three-point functions of chiral primary operators are invariant under the action of S-duality.
In this paper we also calculate the "scaling weight" [7] of the circular 't Hooft operator T ( In summary, we perform novel computations with 't Hooft operators in N = 4 SYM and explicitly demonstrate the conjectured action of S-duality on these observables for arbitrary gauge group G. This provides a quantitative demonstration of the action of electric-magnetic duality on correlation functions in N = 4 SYM.
The plan of the rest of the paper is as follows. In the next section we describe the OPE of loop operators, the notion of the scaling weight of a loop operator, and the construction of chiral primary operators in N = 4 super Yang-Mills with gauge group G. We also spell out the S-duality map for chiral primary operators [9, 10] . In section 3, we compute in perturbation theory the correlation function of an 't Hooft operator with an arbitrary chiral primary operator O ∆ as well as the scaling weight of a circular 't Hooft operator. Section 4 is devoted to calculating in the strong coupling expansion the correlation function of a Wilson loop operator with O ∆ as well as the scaling weight of a circular Wilson loop operator. These calculations are performed by solving a matrix model. In section 5 we explicitly demonstrate the S-duality conjecture relating the 't Hooft and Wilson loop correlation functions by comparing our results for the 't Hooft and Wilson loop correlators. Appendix A discusses the Weyl transformation between R 4 and AdS 2 × S 2 , while Appendix B provides examples of the construction of chiral primary operators for gauge group G. Appendix C extends the equivalence of complex and normal matrix models for general gauge group G. In Appendix D, we show that the two and three-point functions of chiral primary operators are invariant under the action of S-duality.
Loop operator OPE and S-duality
A loop operator can be expanded in a series of local operators when probed from a distance much larger than the characteristic size of the loop. This defines the operator product expansion (OPE) of the loop operator [11, 12] . For an operator L supported on a circle of radius a -a circular 't Hooft or Wilson operator -the operator product expansion is given by
where C i is an OPE coefficient, O i (0) is a local operator inserted at the center of the loop and ∆ i is its conformal dimension. The sum in (2.1) is over all conformal primary operators in the theory as well as over the associated conformal descendant operators.
The OPE coefficients of conformal primary operators can be obtained from the correlation function of the loop operator L with the primary operators
using the matrix of two-point functions O i O j . These correlation functions involving loop operators are the main objects of study in this paper.
As we show in Appendix A, super Yang-Mills in the presence of a circular loop operator on R 4 is Weyl equivalent to super Yang-Mills on AdS 2 × S 2 with the loop operator inserted on the boundary of AdS 2 (the Poincaré disk). By symmetry the correlator is independent of the position of the local operator on AdS 2 × S 2 . Weyl invariance of N = 4 super Yang-Mills then determines the position dependence of the correlator on R 4 :
The coupling Ξ i captures the dynamical information of the correlator and our goal is to compute Ξ i for the circular 't Hooft and Wilson loop operators in N = 4 super Yang-Mills with an arbitrary gauge group G. The conformally invariant distance r is given by
which combines the radius a of the circle where the loop operator is supported, the radial position r of the local operator in the plane containing the loop, and the position x of the local operator in the plane transverse to the circle. The OPE coefficients are most easily extracted by setting r = 0 and expanding (2.3) in powers of a/x. The leading order term in this expansion of the correlator measures the OPE coefficient of the conformal primary operator O i while the rest of the terms in the a/x expansion capture the OPE coefficients of the conformal descendants of O i .
An operator that plays a central role in a conformal field theory is the stressenergy tensor T µν . The correlation function of a loop operator with the stress-energy tensor measures how the loop operator transforms under a conformal transformation, and generalizes the familiar notion of conformal dimension of a local operator to a non-local operator. This information is encoded in the "scaling weight" of the loop operator [7] , which we also compute for an 't Hooft and Wilson operator in N = 4 super Yang-Mills with gauge group G.
A loop operator L supported on a circle of radius a preserves an SL(2, R) × SU(2) subgroup of the Spin(1, 5) conformal group. Conformal invariance also completely fixes the position dependence of the correlator of the loop operator with the stressenergy tensor. When the theory is Weyl transformed from R 4 to AdS 2 × S 2 in order to make the symmetries of the circular loop operator manifest (see Appendix A for more details), the correlator of the loop operator L with the stress-energy tensor is given by [7, 13] 
where h L is the scaling weight of the loop operator L, and the metrics on AdS 2 and S 2 are denoted by ds In terms of the R-symmetry group SO(6) ≃ SU(4) R , these operators transform in the rank-∆ symmetric traceless representation of SO (6) . Without loss of generality, we consider the highest weight vector in the [0, ∆, 0] multiplet carrying charge ∆ under the U(1) R subgroup for which the complex scalar field in the N = 4 vector multiplet
is the only one charged.
4
Chiral primary operators involving only Z are given by G-invariant polynomials of Z, and form a ring. The ring multiplication law is the usual operator product. These operators are part of the usual N = 1 chiral ring, and are the lowest components of chiral superfields with respect to a particular N = 1 subalgebra of N = 4. This ring has as many generators as the rank r of the group G. Let us denote the polynomials generating the G-invariant ring by
The degrees {ν i } = {ν 1 , . . . , ν r } of these polynomials P i (Z) are the set of positive integers that appear as the order of the Casimirs of G.
5
In a group G admitting a Casimir of order ν, there exists a rank-ν invariant symmetric tensor on the Lie algebra, which we denote by K a 1 ...aν , where a i = 1, . . . , dim(G). Each generator of the chiral ring (2.5) can be written in terms of such a tensor as
where Z ≡ Z a T a , and T a are the generators of the Lie algebra. We list the generators of the ring for several choices of G in Appendix B.
The most general chiral primary operator constructed from Z is then given by
and N i are non-negative integers. In our convention a chiral primary operator (2.6) has an explicit coupling constant dependence, while the polynomials P i (Z) do not depend 4 The other operators in the [0, ∆, 0] multiplet for any ∆ take the form
..i∆ is a symmetric traceless tensor and K a1...a∆ is defined by P (Z) = K a1...a∆ Z a1 . . . Z a∆ . 5 More precisely ν i are the order of those Casimirs which generate the center of the universal enveloping algebra. The integers ν i − 1 are known as the exponents of G. 6 In order to not clutter notation we do not make explicit the dependence of the operator on {N i }.
on the coupling as explained in Appendix B. The conformal dimension of the chiral primary operator (2.6) is given by
Therefore the spectrum of conformal dimensions is determined by the order of the Casimirs of G: We are interested in the behaviour of chiral primary operators under the action of S-duality, which exchanges the gauge group G with the dual gauge group
As in [10] we use the metric, normalized so that short coroots have length √ 2, to identify the Cartan subalgebra of each group with its dual vector space, denoted by t and L t for G and L G respectively. 7 For the dual groups G and
that maps roots of G to coroots of L G. We denote this map by n 1/2 g R, where n g = 1, 2 or 3 is the ratio of the length-squared of the long and short roots in the Lie algebra g 7 Here we use the metrics on t and L t to identify t with t * and L t with L t * , respectively, while we make explicit the isomorphism R : t → L t. In [14] and [15] another convention was used where t * and L t were taken to be equal, while the isomorphisms t → t * and L t → L t * , constructed using the metrics were made explicit.
and R is a norm-preserving linear transformation. The transformation n 1/2 g R −1 maps roots of L G to coroots of G. The transformation R is unique up to the action of the Weyl group [6] . For simply laced groups, R can be taken to be the identity operator.
The conjecture [9, 16, 10] is that the ring generators, and therefore all operators in the chiral ring for gauge groups G and L G are mapped into each other under the action of S-duality. The precise proposed mapping is
where the
g C is uniquely determined by P ∆ through the relation
(2.10)
The conjectured action of S-duality on chiral primary operators (2.9) is consistent with the mathematical fact that
For all gauge groups, G and L G share the same Lie algebra except for SO(2n+1) and Sp(n). Their Lie algebras are exchanged under S-duality and have the same set of orders for Casimirs as seen in Table 1 .
ν . See Appendix B for more details on the S-duality map of chiral primary operators.
We note that for any choice of gauge group G there is a universal ∆ = 2 chiral primary operator
where tr(· ·) is the invariant quadratic form on g whose restriction to t is the metric on the subalgebra. It was shown in [13] using supersymmetric Ward identities that the correlator of a circular loop operator L with O 2 can be related to the correlator (2.4) of the same circular loop operator with the stress-energy tensor T µν , which also universally exists for any choice of G. This allows us to compute the scaling weight h L of a circular 't Hooft and Wilson loop operator in N = 4 super Yang-Mills with gauge group G in terms of the conformal dimension two chiral primary operator coupling Ξ 2 (2.3) using the formula [13] 
3 Quantum 't Hooft loop correlators
In this section we compute the correlation function of a circular 't Hooft operator with an arbitrary chiral primary operator O ∆ (Z) in N = 4 super Yang-Mills with gauge group G. We give explicit formulas for Ξ ∆ (2.3) and for the scaling weight h T of the circular 't Hooft operator to next to leading order in the weak coupling expansion. Before delving into the details of these computations we first give a minimal discussion of 't Hoof operators in N = 4 super Yang-Mills.
An 't Hooft operator inserts a magnetically charged source into the theory. In a theory with gauge group G an 't Hooft operator is labeled [7] by a representation
A circular loop operator in a conformal field theory in R 4 preserves an SU(1, 1) × SU (2) 
The coefficient B ≡ B i H i ∈ t takes values in the Cartan subalgebra of the Lie algebra g associated with the gauge group G. Via (2.8) B can be identified [6] with the highest weight L w of a representation L R of the dual group L G, justifying the labeling of 't Hooft operators in terms of representations of the dual group [7] . The insertion of an 't Hooft operator creates quantized magnetic field, and when θ = 0 it also generates an electric field, as the monopole that is being inserted acquires electric charge via the Witten effect [17] . Without loss of generality, we have chosen the single scalar field that is excited by the circular 't Hooft operator to be φ 1 .
In order to compute the correlation function of T ( L R) with a chiral primary operator O ∆ (Z) a quantum definition of the 't Hooft operator is required. This quantum definition was proposed in [8] , where it was used to explicitly compute the expectation value of T ( L R) to next to leading order in perturbation theory and to exhibit the conjectured action of S-duality on circular 't Hooft and Wilson operators in N = 4 super Yang-Mills. 8 The basic proposal in [8] is to define the gauge invariant 't Hooft operator by a path integral quantized in the background field gauge expanded around the background (3.1)
In this path integral one must integrate over all quantum fields (gauge fields, scalars, fermions and ghosts) with the boundary conditions specified by (3.1). 9 The classical field configuration (3.1) created by the 't Hooft operator T ( L R) breaks the G-invariance of the theory to invariance under an stability group H ⊂ G. The choice of B ∈ t, which characterizes the background, determines the unbroken gauge group H. This is generated by those x ∈ g for which
In order to have a path integral definition of the 't Hooft operator T ( L R) which is gauge invariant, we must integrate over the G-orbit of B ∈ t along the loop. This integration, which we include in our definition of the path integral measure, restores G-invariance. The integral we must perform is over the adjoint orbit of B
We refer the reader to [8] for more details on the path integral definition of an 't Hooft operator.
Using the path integral prescription in [8] , we now proceed to compute the correlator of an 't Hooft operator T ( L R) with an arbitrary chiral primary operator O ∆ (Z) in N = 4 super Yang-Mills with gauge group G. When the theory is defined on AdS 2 ×S 2 , conformal invariance implies that the correlator is given by
where Ξ ∆ is a function that depends on the representation L R of the 't Hooft operator, the complexified coupling constant τ and the choice of gauge group G. 
where we have used that P ∆ (Z) given in (2.7) is a polynomial of degree ∆. We note that the scalar field Z = φ 1 + iφ 2 involves a scalar field φ 1 that is excited in the 't Hooft operator background (3.1) and another one φ 2 that is not.
The correlator to next to leading order in perturbation theory is then given by
where φ
is the difference between the scalar propagator for φ 1 and φ 2 in the 't Hooft operator background (3.1). In arriving at (3.6) we have used that Z a = 0 as well as φ 1 φ 2 =0, which follows from SO(5) invariance of the 't Hooft operator background (3.1).
The first term in (3.6) is the leading semiclassical approximation, where the chiral primary operator is evaluated on the classical field configuration (3.1). The second term is the one loop correction. At one loop we must sum over all possible contractions between two fields in the operator P ∆ (Z), while the remaining ∆ − 2 scalar fields in the operator are to be evaluated on the classical background (3.1). The second term in (3.6) sums over all possible contractions between two scalar fields, which are connected by the scalar field propagator on the 't Hooft operator background. What we need is the difference of propagators
where all the fields are evaluated at the same spacetime point. On the right hand side we have separated the contributions of zero modes from those of non-zero modes.
We now argue that the second term in the right hand side of (3.7) vanishes, i.e., the non-zero modes cancel out in the difference of propagators. When we introduce an IR cut-off to discretize the spectrum, the second term takes the form
Here
On the other hand, the symmetries of AdS 2 × S 2 dictate that the total expression (3.8), which is finite, has to be constant in the limit that the IR cut-off is removed. This implies that the non-zero modes of φ a 1 and φ a 2 have to cancel out in (3.8) in the limit that the regulator is removed, and therefore we can drop the second term in the right hand side of (3.7) and focus on the zero-mode contribution.
We now proceed to show that zero modes, which are constant, give a non-trivial contribution to the correlation functions. As we have already mentioned, the background (3.1) created by the insertion of an 't Hooft operator T ( L R) breaks the gauge group G down to a subgroup H. It was argued in [8] that in order to make the 't Hooft operator T ( L R) gauge invariant one must integrate over the G-adjoint orbit of B (3.3), obtained by the action of G on the classical background (3.1). Conjugating the scalar classical background (3.1) generates quantum fluctuations which are associated with zero modes of the quadratic operator for φ 1 . The fluctuations generated by a G-transformation are given by
We can identify the non-vanishing fluctuations by writing the Lie algebra g in the Cartan basis {H i , E α }, where the generators H i span the Cartan subalgebra t ⊂ g and E α are ladder operators associated to roots α of the Lie algebra g. In this basis ξ takes the form ξ = ξ i H i + ξ α E α . Since B = B i H i is in the Cartan subalgebra we have that the non-vanishing scalar field fluctuations are
where we have used the commutation relation [λ, E α ] = α(λ)E α , valid for any λ ∈ t.
The sum in (3.10) is over all the roots α that do not annihilate B, as those which do annihilate B do not contribute. This implies that these fluctuations (3.10) are labeled by the coset space G/H, where H ⊂ G is the subgroup that preserves the field configuration (3.1) created by the 't Hooft operator T ( L R). This follows from the definition of H given in (3.2), which is generated in the Cartan basis by {E α |α(B) = 0}. Therefore, the coset space G/H parametrizes the space of zero mode fluctuations of the scalar field φ 1 .
The path integral representation of the correlation function (3.4) is gauge invariant once we integrate over the zero mode fluctuations of the scalar field φ 1 obtained from the classical background (3.1) by the action of G. The integration measure for these modes follows from the quadratic form defined by the N = 4 super Yang-Mills onshell action evaluated on the 't Hooft operator background (3.1). We recall that the renormalized, on-shell action is given by [8] 
and defines the quadratic form from which the propagator can be computed. We first note that fluctuations of B along root directions can be expanded as δB = α>0 (δB α E α + δB −α E −α ). Using the on-shell action (3.11) we get that
where we have used that trE α E −α = 2/|α| 2 , and where |α| 2 = α, α is the length of the root α computed using the restriction of the metric on g to the Cartan subalgebra t. The propagator for the scalar field fluctuations is given by
Therefore, using (3.12) we arrive at
Since only the zero-modes of φ 1 contribute, (3.6) simplifies to
and using (3.13) we obtain
By using the relation
where α = [E α , E −α ] = 2α/|α| 2 is the coroot corresponding to α, we can further rewrite the correlator as
This is the final result to next to leading order in perturbation theory for the correlator of an 't Hooft operator T ( L R) and an arbitrary chiral primary operator O ∆ in N = 4 super Yang-Mills with gauge group G.
As illustration of the general result (3.16), let us consider the case with gauge group G = U(n), for chiral primary operator P ∆ = trZ ∆ and for 't Hooft operator labeled by the highest weight B = diag(m i ) with m 1 > m 2 . . . > m n . In this case, the correlation function is given by
Using the formula (2.11), that follows from a supersymmetric Ward identity [13] , we can obtain the scaling weight of an arbitrary 't Hooft operator T ( L R) from the correlator of the 't Hooft operator with the ∆ = 2 chiral primary operator. The one loop expression for the scaling weight of an 't Hooft operator in N = 4 super Yang-Mills for an arbitrary gauge group G is given by
The second term is the first quantum correction to the classical computation considered in [7] .
12
11 This can be shown by expanding the equation P (gZg −1 ) = P (Z) with g = exp iξ i H i + iξ α E α for small ξ. 12 In the formula for the scaling weight of the BPS 't Hooft operator in [7] , the sign for the gauge field contribution should be changed. With this modification taken into account, our leading result in (3.17) is consistent with [7] .
Wilson loop correlators at strong coupling
In this section we perform the strong coupling expansion of the correlator of the circular Wilson loop operator [26, 27] W (R) ≡ Tr R P exp (iA + φ 1 ) , and an arbitrary chiral primary operator O ∆ :
It was first noticed in [28] that, in Feynman gauge, the combined propagator for the gauge field and the scalar between two points on the circle is position-independent (also independent of the radius a of the circle), and that Feynman diagrams with internal vertices cancel to leading order in perturbation theory. This led to the remarkable conjecture that the expectation value of a circular Wilson loop operator in N = 4 super Yang-Mills is captured by a matrix integral [28, 29] , which has now been proven in [30] using localization.
In [31] , it was shown to leading order in perturbation theory that Feynman diagrams with internal vertices contributing to the correlator (4.1) vanish, also leading to the conjecture 13 that loop corrections arising from internal vertices cancel to all orders in perturbation theory.
14 This conjecture implies that all quantum corrections to the correlator (4.1) are due to ladder diagrams, reducing the sum over all Feynman diagrams to a combinatorial problem [31] . This combinatorics is exactly captured by a complex Gaussian matrix model defined by a partition function where the complex matrix z is an element of the complexified Lie algebra g C [32] . The same matrix model also computes [32] the two, and three-point functions of local chiral primary operators in N = 4 super Yang-Mills of the form O ∆ = g −∆ P ∆ (Z) as in (2.6), where P ∆ is a G-invariant polynomial (2.7). Therefore, the correlator of the circular Wilson loop W (R) with the chiral primary operator O ∆ is conjecturally given by
13 The large N conjecture for the correlators of half BPS Wilson and local operators has been tested extensively using AdS/CFT [31, 32, 33, 13] . Given that the finite N version of the conjecture for the expectation value has been proven, it seems likely that the conjecture for the correlator also holds for finite rank, and that it can be proven using localization. Progress in this direction has been made recently in [35, 36, 37] .
14 See [34] for an extension to the correlators of 1/4 BPS Wilson loops and half BPS local operators. 15 This is the form of the correlator when the theory is defined on AdS 2 × S 2 . In R 4 we should further divide by r ∆ as in (2.3).
where [dz] is the measure on the complexified Lie algebra g C . We use this matrix model representation to compute the correlator (4.1) in the strong coupling expansion.
It is possible to rewrite this complex matrix model as a normal matrix model, where the integration is performed over the elements z in the complexified Lie algebra that commute with its conjugate variable: [z, z] = 0. The normal matrix integral can be further restricted to the complexified Cartan subalgebra t C . This is shown in Appendix C for an arbitrary gauge group G, thereby generalizing the derivation in Appendix A of [32] , where the case G = U(n) was studied. The precise relation between the complex matrix model and the normal matrix model is given by
generalizes the Vandermonde determinant that appears in the G = U(n) case, and , is the restriction of the metric tr(· ·) to the Cartan subalgebra t. In order to derive (4.3) we have expressed the insertion of the character Tr R e z+z 2 in the representation R as a sum over the weights v in the representation R of the gauge group G, and n(v) is the multiplicity of the weight v in the representation R.
In the strong coupling limit, the terms with weights v in the Weyl-orbit of the highest weight w in the representation R dominate, as v, v is maximal for these. The leading term at strong couping is simply given by P (w). To study corrections, it is convenient to split ∆(z) as
The correction to next to leading order in the strong coupling expansion, where g ≫ 1, comes from the contraction of
This computation yields
This is the final result to next to leading order in the strong coupling expansion of the correlator of the circular Wilson loop W (R) with an arbitrary chiral primary O ∆ in N = 4 super Yang-Mills with gauge group G.
By using the formula (2.11), we find that the scaling weight of a circular Wilson loop W (R) at strong coupling is given by
where w is the highest weight in the representation R.
S-duality of correlators
In this section we demonstrate that the computations we have performed for 't Hooft and Wilson loop correlators in the previous sections exactly map to each other under the conjectured action of S-duality. These results exhibit S-duality in N = 4 super Yang-Mills with arbitrary gauge group G on correlation functions, and extends the recent results in [8] , which demonstrated that the expectation value of a circular 't Hooft operator and a circular Wilson operator are exchanged under electric-magnetic duality.
In section 3, the correlator of a circular 't Hooft loop operator T ( L R) and a chiral primary operator O ∆ = g −∆ P ∆ (Z) was calculated to next to leading order in the weak coupling expansion, yielding the result (3.16), which we reproduce here:
In order to demonstrate S-duality, we need the result of the correlator for the dual operators in the theory with gauge group 
We recall that under S-duality
and the gauge groups G and L G are exchanged. Also, as discussed in section 2, Sduality induces the following transformations
where α ≡ 2α/|α| 2 is the coroot corresponding to α and R is the linear transformation defined in (2.8). The two expressions in (5.1) and (5.2) map into each other under the transformations (5.3) and (5.4).
In [8] , the prediction of S-duality for the expectation values of loop operators
was demonstrated to next to leading order in the coupling constant expansion. By combining this with the above agreement, we conclude that the 't Hooft and Wilson loop correlation functions transform as predicted by S-duality
We have explicitly exhibited this to next to leading order in the coupling constant expansion. Furthermore, this implies that the semiclassical scaling weight of the 't Hooft operator (3.17) exactly reproduces the scaling weight of the dual Wilson operator evaluated at strong coupling (4.5) under the action of S-duality:
These are the main results of this paper.
Finally let us discuss the OPE coefficients. In Appendix D we show that the two and three-point functions of chiral primary operators are invariant under S-duality. Since the OPE coefficients and the correlators of a loop operator with a chiral primary operator are related by the matrix of two-point functions of the local operators, our results imply that the OPE coefficients (1.3) also match up to the next-to-leading order under the S-duality transformation:
We have thus found the precise matching under S-duality of a number of physical observables involving circular 't Hooft and Wilson loop operators. This provides a quantitative demonstration of the action of electric-magnetic duality on correlation functions in N = 4 super Yang-Mills with an arbitrary gauge group G.
A Weyl transformation between metrics
In this Appendix we discuss the Weyl transformation relating R 4 and AdS 2 × S 2 .
Let us parametrize R 4 using two sets of polar coordinates so that
These coordinates are relevant for a circular loop, which we take to be located at r = a and x = 0. By making the following change of coordinates
we find the metric
which is conformal to AdS 2 × S 2 in global coordinates. Note that the loop, which was located at r = a, x = 0 in R 4 , gets mapped to the conformal boundary of AdS 2 × S 2 , namely the boundary of the Poincaré disk. 
B Chiral primary operators and S-duality
Chiral primary operators and their S-duality transformation in N = 4 super YangMills with gauge group G play a central role in the current work. In this Appendix we supplement the minimal amount of information given in section 2 with more details and examples.
Let us consider the subspace of the Coulomb branch where only the combination of scalar fields Z = φ 1 + iφ 2 is excited. The gauge group G is generically broken to U (1) r , and Z takes expectation values in the Cartan subalgebra t C , and are identified by the action of the Weyl group.
The massless fields ϕ i relevant to us are the components of Z in the Cartan subalgebra directions. Let us canonically normalize them by expanding Z as Z = gϕ i H i so that the kinetic term in the Lagrangian reads
Since the low-energy physics is that of an abelian theory with gauge group U(1) r , S-duality acts as ordinary electric-magnetic duality. To see how this works let us consider the dual theory with dual gauge group
We identify
using the linear transformation introduced below (2.8). The map R is norm-preserving as necessary for the invariance of the kinetic term, and the choice of R is unique up to the Weyl group action.
The gauge invariant coordinates of the moduli space for the original gauge theory are provided by the r generators P i of the invariant polynomial ring (2.5). They should be identified with the gauge invariant coordinates in the dual theory according to
In terms of the scalar Z whose normalization is such that it has a kinetic term g −2 tr(∂ µ Z∂ µ Z), and its counterpart for L Z in the dual theory, the S-duality map of the chiral primaries is given by
This explains the coupling dependence in (2.9).
In the following we illustrate our considerations by explicitly writing down chiral primary operators for several choices of gauge group. Note that G-invariant polynomials on g C and Weyl-invariant polynomials on t C are in one-to-one correspondence. For exceptional groups it is more convenient to use the latter description, and this is what we do below.
• G = SU(n).
In this case the generators of the chiral ring are simply single trace operators
with ν i = i + 1.
• G = SO(2n + 1) and G = Sp(n).
For these groups, the trace of an odd power of the matrix Z vanishes. Thus the generators are given by the trace of the even powers of Z:
Their conformal dimensions are given by ν i = 2i. The Lie algebras of the two gauge groups are exchanged under S-duality.
• G = SO(2n).
For the even orthogonal group, in addition to the trace of an even power of Z's one can consider the Pfaffian. The generators are
These have conformal dimensions ν i = 2i for i = 1, . . . , n − 1, and ν n = n.
• G = G 2 .
Here we choose to be less explicit and describe chiral primary operators in terms of Weyl invariant polynomials on t. The Cartan subalgebra t is two-dimensional and can be identified with the plane x 1 + x 2 + x 3 = 0 in R 3 . The Weyl group is generated by the permutations of the x i 's and the overall sign change. Thus as generators of the Weyl-invariant polynomials on t, we can take [10] 
(B.10) with ν 1 = 2, ν 2 = 6. According to (2.10), under S-duality they transform to
C Complex and normal matrix models for any G
The aim of this Appendix is to derive the relation between the complex and normal matrix models for general G, as used in (4.3). This is done by generalizing the derivation of the relation in the U(n) case given in [32] .
First we decompose the complex variable z into the real and imaginary parts:
Then the complex matrix model integral is defined by
where P is an arbitrary invariant polynomial on g C . Let us introduce an orthonormal basis T a of g satisfying
and write
The measure is then
By writing
we can integrate out y so that the integral is now
Tr R e x e − g 2 8
Here ∇ 2 g is the Laplacian on g. To further reduce the integral, let us represent g as a fibration of G/T over t (the fibration degenerates on a set of measure zero):
where T is the maximal torus of G. Here λ ∈ t, and g parametrizes the fiber, which is the adjoint orbit of λ. If we expand g −1 dg as
in the Cartan basis, the metric is then
Let us normalize H i so that H i , H j = δ ij . We can write the Laplacian on g as
Note that ∆(λ) is skew-symmetric with respect to the Weyl group. In fact any skewsymmetric polynomial has to be divisible by ∆(λ) because such a polynomial vanishes along the hyperplane α(λ) = 0 fixed by the Weyl reflection associated with α. Since the metric on t is Weyl invariant, the polynomial
is also skew-symmetric. The polynomial however has a lower degree than ∆, so it has to vanish, i.e., ∆ is harmonic on t [38] . Using the fact that ∆ is harmonic, we can write
Also note that the quotient metric on G/T is given by
Hence the volume form on the orbit of λ is given by
where vol(G/T ) is the volume form on G/T constructed from the metric (C.15). Thus
where |W| is the order of the Weyl group W, and [dλ] = i dλ i . In order to keep the equations simple, from now on we will neglect those prefactors which cancel in (4.3). Let us define η = 
These correlation functions, which are independent of the coupling constant, can be computed using a complex Gaussian matrix model where the matrix z takes values in the complexified Lie algebra g C [32] .
The spatial dependence of the correlator is fixed by conformal invariance and the two and three-point correlators are given respectively by the matrix integrals
−tr(zz) P (1) (z)P (2) (z) .
(D.4)
Any complex matrix z ∈ g C can be decomposed as 5) where b belongs to the Borel subalgebra b = t C ⊕ (⊕ α>0 g α ) of g C , and g α is generated by the raising operator E α in the Weyl basis. The Borel subalgebra generalizes the subgroup of upper triangular matrices in u(n) C to an arbitrary Lie algebra g C .
We recall that the an invariant polynomial P (z) can be written in terms of a rank-∆ invariant symmetric tensor on the Lie algebra as We claim that when P is evaluated on an element of the Borel subalgebra b ∈ b, P is just a function of the field components λ in the Cartan subalgebra t C . This follows from the fact that K a 1 ...a ∆ is an invariant tensor on g, which implies that This demonstrates that any invariant polynomial evaluated on the Borel subalgebra b depends only on the field components in the Cartan subalgebra t C : [dz]|∆(z)| 2 e − z,z P (1) (z)P (2) (z) We now need to show that these expressions transform properly under the S-duality map (2.10). Indeed, if we define L z = Rz (D.14)
for z ∈ t C , then
Moreover, we have that
The prefactor cancels out between the numerator and denominator in (D.11) and (D.12). Thus under S-duality we get that
and
This implies that the two and three-point functions of chiral primary operators in N = 4 super Yang-Mills transform according to (D.1) and (D.2) under S-duality as conjectured.
